QUATERNION PARAMETER ALGORITHMS

M. P. Allen

Introduction

There has been a steady growth of interest in recent years in the use of
quaternion parameters to-represent rigid body orientations in classical mechanics.
Of most relevance here, of course, are the molecular dynamics algorithms based on
quaternion parameters |l|, which are represented in the CCP5 program library l2],
but the wider interest is clearly shown by the discussion, in some detail, of
quaternions in the second edition of Goldstein's text 'Classical Mechanics' 13].

- In this article, I wish to summarize the orientational equations of motion, as
concisely as possible, in quaternion form, and to draw attention to a way of
integrating them which, I believe, has not been studied extensively. This
approach may be most useful when the interaction potentials are simply expressed
in terms of the quaternions themselves (multipole-multipole interactionms are an
example). Some of the discussion will be restricted to the case of spherical top
molecules, for simplicity, but it should be clear how to extend the treatment to
the gemeral case. Much of this material will be familiar to many readers, and I

make no great claims of originality as regards this general approach.

Quaternion parameter notation

I will use lower case symbols to represent scalars and vectors, and upper

case for quaternions: .

Q = (qo, 1, 925 93) = (g0, @ (1)

I follow Goldstein in numbering the four scalar components of the quaternion from
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zero. As indicated here, the triple (q1, q2, q3) may often be regarded as a

vector E in 3D space. Quaternion "multiplication" is defined:
- > > > >
P*Q = (poqo ~ P.q, Pod * oP ~ PXq) (2)

This operation is not commutative, so Q*P # P*Q, but it is associative, so we can
unambiguously write P*Q*R = P*(Q*R) = (P*Q)*R. This last property is in contrast
to the vector cross product ;XE which appears in equation (2). Addition of two
quaternions, and multiplication of a quaternion by a scalar, are both simple

component-by-component operations. The conjugate of Q is written §:

3 = (q0, =@ (3)

so that

>
*Q = Q*q = (|q]?, 0) (4)

Here, 0 is the null vector, and the norm |Q|? is defined
lQl? = qo® + 1% + q2* + q3? (5)

. . . . -1 . .
For a quaternion Q with unit norm, § is the same as Q ~, the inverse of Q, since

-> » 3
the resultant §*Q = (1, 0) acts as an identity element.

Goldstein discusses the way in which a quaternion Q with unit norm may
represent the orientation of a rigid body, and clarifies the relationship between
the components of Q and the Euler angles (¢8y) in various conventions. The

rotation matrix A, defined by

P o= BT )
b +s . . .
where r and r  are the compoments of a vector in body-fixed and space~fixed

coordinate systems, respectively, can invariably be written in the symmetrical

form:
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q02+Q12'QZ2'Q32 2(q192+5393) 2(q193-9092)
A = 2(q192-9093) qo2-q12+q22-q3%  2(q2q3*q0q1) (7)
2(q193+90q2) 2(q293-90q1) qo02-q12-q22+q3?

To achieve this, one should choose a definition of Q which is consistent with the
Euler angle convention employed (this has not always been the case in the past).

For example, in the 'y-convention' {AI, the definitions

qo = cos}(Y+d)cosib
qu = sin}(y-9)sinib
(8
q2 = cosi(P-¢)sinib
qs = sinj(P+¢)cosid

yield equation (7). With such a choice, as is well-known, the rotation from
body~fixed to space-fixed coordinates can be expressed as a quaternion operation.
Defining quaternions Rb = (0, ;b), R® = (o, ;s)’ equations (6), (7) are

equivalent to
R® = g*RrS*Q (9)

Equations of motion

The orientational equations of motion, in quaternion form, may be derived by
straight forward but tedious trigonometry applied to the time derivative é, or by
considering the time-evolution of A. The result is usually expressed in terms of
a 4x4 matrix acting on the four components of an angular velocity quaternion

b +b . s -3 . .
Q° = (0, w) (body-fixed) or Q° = (0, w’) (space-fixed), but is most compactly

written:
q = sax® = 1a%%q (10)

For a spherical top, the time derivative of the angular velocity is given by



Q0 = N Q5 = N (11)

where Nb = (0, ;b), NS = 0, ;S), and ;b and n° are the body-fixed and space-fixed

components, respectively, of the applied torque, divided by the moment of inertia.

Consider how these equations are integrated. Typically, (e.g. in the CCP5
program library) equations (10) and (ll) are treated using a pair of (say) 4th
order predictor-corrector procedures, coupled together:

(a) PREDICT the new values of Q, Q,..Q" from current values of Q, Q ete.;

b(“)

(b) PREDICT the new values of Qb, éb,..ﬂ from current values of Qb etc.;

(c) EVALUATE Nb from the predicted Q;

+b

(d) CORRECT the values of Qb, 07 etc., using Nb (equation (11));

(e) EVALUATE %Q*Qb from the corrected Qb and the predicted Q;

(£) CORRECT the values of Q, é etc., using %Q*Qb (equation (10)).
This sequence is generally followed by a renormalization of Q to counteract the
cumulative effects of algorithm error (hopefully smalll!)., The predictor steps

will generally be sinple Taylor series, while the corrector will be the Gear

formula |5| appropriate for a first order differential equation, (10) or (11).

This approach has been shown to work well. Dealing with body-fixed angular
velocities and torques is necessary if the approach is to handle, in a natural
way, non-spherical molecules., The angular velocities are available for the
computation of kinetic energy. Other beneficial features will be mentioned later.
However, one obvious feature, in view of equation (10), is that a lot of
redundant information is being stored in the form of Q, Qb, and the first 4 time
derivatives of both, Remewber that one main idea behind the quaternion approach
was to obtain equations of motion which are not singular (as the Euler equations
are) without going so far as to store (for example) all 9 components of the

rotation matrix, plus derivatives.
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My interest here is with the alternative method, namely the elimination of
the angular velocities from equations (10) and (11) to yield a single, second-
order, equation of motion. For a spherical top, the result is the same whether

one starts from the body-fixed or space-fixed forms of (10), (11), and is
Q = Q*q*Q + 1N (12)

The second derivative Q contains a "kinetic'" part, but the more interesting term

is N which can be expressed in terms of body-fixed or space-fixed torques:
b S
N = 2Q*N~ = 2N"*Q (13)

The chain rule for differentiation shows that N is actually a quaternion "force"

or "torque'', and can be expressed
N = =-(3V/3qo, 3V/3q1, 3V/3q2, 3V/3q3) (14)

where V is the potential energy and the derivatives B/qu may be taken holding
the other 3 quaternions constant (see below). The situation for non-spherical
molecules is only slightly more complex, in that at some stage the torque must

be expressed in body-fixed coordinates so as to divide out the principal moments

—

of 1lnertia.

The suggestion, then, is that equation (12) may be integrated directly,
using equation (13) or (l4) for N. Any algorithm suitable for general second~-
order differential equations could be employed, as long as it does not demand
the absence of time derivatives of Q on the right; the Gear methods would be
appropriate for instance. The scheme would be:

(a) PREDICT the new values of Q, é;... from their current values;

(b) EVALUATE the right hand side of equation (12) as a function F(Q,é);

(¢) CORRECT the values of Q, Q,... using F(Q,Q) (equation (12)).
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Only the quaternions Q and their time derivatives need be stored; probably 5

derivatives would be needed to achieve an accuracy comparable with the pair of
4th order algorithms mentioned above. There would be no need to store angular
velocities, Euler angles, direction cosines or rotation matrices; the angular

velocities could be obtained from equation (10) and the kinetic energy would be

s2 b2 .
given by }Iw” = jIw = 2I]Q]|%.

Now for the caveats. The astute reader will already have noticed that the
torque N is not completely defined by equation (14), since V is actually a
function of 3 independent angular parameters, not 4. In fact, because Q has unit
norm, we could add any function of the form %f(qo,q1,qz,qs)x(qoz+q12+qaz+q32-l)
to V, without changing its value, but thereby replacing N in equation (l4) by
N+£Q. The extra term simply affects the time evolution of the norm of Q.

Remembering that ]le = 1, we have

2(Q*Q) o 2(q0q0+q191+9292+03q3) = @D)q %, = 0 (15a)

}(@*N) o

a/ae (]l

}(qono+qini+qana+q3n3) = (Nb)o %o = 0 (15b)

32/3t% (]Ql?

where (...)o means "zerot™h component of"., Both of these quantities should be
zero. Since the CCP5 implementation makes use of body-fixed angular velocity

and torque components, equations (15a), (15b) are guaranteed, that is the norm
remains constant to at least second order. Equation (15b) will also be obeyed

in the integration of equation (12) if we obtain N from ¥ or Nb, via equation
(13). The problem arises if we use equation (14) for N, when the differentiation
should really be carried out subject to the condition (15b). In practice it is
simpler (and equivalent) to take unconstrained derivatives, as suggested above,
and then correct N. This can be done by transforming N to Nb (equation (13)),
setting ng = 0, dividing n?, ng, ng Ey the principal moments of inertia in the
non-spherical case (since this is a convenient point to do it) and then transform-

ing back to N. Alternatively, in the case of the spherical top, we could simply
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compute the projection £ = gono*qini+qznz+qiani and then replace N by N-£Q.

A similar procedure would be used to ensure that equatiom (15a) 1is sétisfied:
compute f£' = qoio+Q1é1+Q2é2+Q3é3 and replace é by Q—f'Q. I believe that

these procedures are no less important, for the integration of equation (12),
than the simple rescaling of Q to guarantee unit norm. The reader may like to
consider whether similar corrections should be applied to the third and higher

derivatives of Q.

I have conducted preliminary runs for single-particle and for many-particle
systems of rotors pinned to lattice sites, comparing the direct integration of
equation (12) (by 5th order Gear algorithm for an order differential equations)
with the integration of equatioms (10) and (11) (by a pair of 4th order Gear
algorithms for 1°% order differential equations). In each case, point multipole
potentials (expressed as simple polynomials of the quaternion parameters) were
used, and N obtained via equation (14) . The direct method looks promising in
this particular application, but only becomes competitive (as far as energy
conservation is concerned) when the corrections suggested above are incorporated
at each time step; otherwise the ”zeroth components' of torque and angular
velocity in the body~fixed frame soon build up. Merely correcting the torque is

itself insufficient: the time derivative Q must be made "orthogonal” to Q, to

prevent the accumulation of error during the run.
Conclusion

It is possible to integrate the orientational equations of motion, in
quaternion form, directly, i.e. as second order differential equations. This

approach would be useful when the potential energy can be easily expressed in

terms of the quaternions themselves, and it saves a little on storage compared
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with the usual treatment, as a pair of first order differential equatious.

The way in which the direct approach deals with non-spherical molecules, and
the corrections which must be applied to ensure that time derivatives of the
norm |Q|2 are zero, are less elegant than the corresponding features of the

normal method, but are not particularly time-consuming. Any comments?
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