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POINT MULTIPOLES IN THE EWALD SUMMATION

Preamble

The purpose of this paper is to outline one possible treatment of point
multipoles -n an Ewald Summation. A point multipole in this application
is considered to consist of a superimposed point charge, point dipole and
point quadrupole; as might be obtained from an arbitrary charge distribu-
tion resolved into these components. The physical quantities described
are the potential, force and torque experienced by a point multipole in
an infinite system of repeating unit cells containing irreqularly spaced

multipoles.

The Multipole Operators

Taylor's expansion for a scalar function of several variables

(i.e. F(x], X2, X3, +«+) Or F(r)) may be written as:

F(r + 8r) = F(r) + Or.W(x) + g:[lﬁﬂ?(z} + «oo EtC. (1

Where the matrix U is defined by Uij = 1/2xix. etc.

2

th . V ! + v = T ——— .
and the matrix [VV] is defined by I v]ij axiaxj etc

The operation indicated as : is the dyadic scalar product of the matrices
(i.e. A:B = A)|B]] + A12B]2 + ... etc.). (The terms of the series (1)
can be regarded as a series consisting of consecutive contractions of

tensors of rank 0,1,2, ... etc. to give a scalar result.)

The electrostatic potential at a point r due to a multipole at the origin
and consisting of n point charges at the points {Ek} is given by (2).

(Where the vectors I specify the positions of the charges 9 with res-
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pect to the adopted origin of the multipole. For our purposes the adopt-
ed origin may be taken as the centre of the charge distribution. The
position of the multipole in space is thus regarded as the position of

its adopted centre.)

nq
v(r) = — D K ' (2)
= 4TT€O k=1 l£_£k!

If we assume that the spatial size of the multipole is minute in relation
tor (i.e. ©r > rk) we may use Taylor's expansion of 1/r with (2) to
obtain the following expression for V(r) (in which we ignore contribu-

tions above quadrupole).

1 1
= - .V Vil —
viz) 4TEg a —a — * ga [ ]} r 3
n
Where: ¢ = L g, is the multipole net charge
a k
k=1
n
= 3 . . .
ga - qkr is the multipole net dipole
n
ga = I q,U 1is the multipole net quadrupole
k=1 <K

~

If we define the terms in the brackets of (3) toc be an operator Ma we may

rewrite (3) as:

-~

V(r) = Ma(4nsor)-1 (4)

From which we see that the potential due to a point multipole is obtained

by applying the operator Ma to the expression describing the potential

due to a unit positive charge.

By a similar reasoning we may deduce that the potential ¢b of a second
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point multipole due to the potential field V(r) of the first, is given

by:

-~ A

A _1 -
= v h
ob Mb (r) (or MbMa(4ﬂ€Or) ) (3)

-~

where Mb = ¢ + éb"z + gb:LZE] (6)

The force acting on the second multipcle will be given by applying the

operator - 25 to the expression (5) in the usual manner. Thus

~

=- 9V -1
B, MM (4meqr) (7)

The torque acting on the second multipole in the potential field of the

first may be written as:

L, =~ kri Gz Wz n) )
From which we may deduce that

T,o=-{g x T+ 29 *(9V1} vix) (9)
and so obtain the torgue operator ib as:

ﬁb = - {4 X T+ g~} (10)

(The operation implied by * is a vector product of the matrices on either

side; according to the recipe:

If V = A*B then for matrices of dimension 3

1)

B, . - A, B, ‘
i+1,31+2,3 1+2,JBL+1,J)

m
v, = I (A
i ‘

J

Where the indices follow a cyclic progression (i.e. if i=2 then i+133,

i+221, If i=3 then 1i+131, i+232 etc.))
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The Ewald Summation

The potential at a point r (not at a lattice site) in an infinite period-

ic lattice of unit point charges is given by the Ewald Summationtr 2 as:-

< n @«
1 1
v (r) = I LA expl(-ik.(r., - r)) +—— IBy(lr, - x|) 12)
2 - Vg€ . - = - 4TEy . — —
where Ak = exp(-kz/d.mz)/k2
Bglu) = erfc{ml/u
n = number of point charges in unit cell
a = Ewald's convergence parameter
A = volume of unit cell
. . 2m
k = reciprocal lattice vector (e.g. k = T (na,nb,nc) for
a cubic system
)4 = index of k vector

According to the

equation (12) to

principles outlined in the previous section we may adapt

suit a lattice of point multipoles by applying the set

PN

of operators Mj defined by:

M, =c, =d..V+ Q. :[VV] (13)
3 J =] - = —
Following this prescription we obtain the expression
1 > n
vir) = I I(c, - id..k - Q.:[kk])A exp(-ik.(r. - r))
VOEO y »p 5 ] =] P 3
1 -]
toe L (cho([r -r|) - (8- (x -xr) + gj:ysl(lr - ])
+Q.:l(x, - o)(x. - o)z, = z|)) (14)

Where :[kk] is a matrix formed from the products kikj etc. [(Ejﬁg)(gj-g)]

is a matrix formed from the products (xj-x)(yj-y) etc.
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Bi(|lr, - r|) +.eB (Jr. - r|) are a series of functions derived from
-3 = L= =

BO(‘Ej - £|) according to the recursion relation:
2, 2
1
B () == [(22 - 1B, (u) + 221 cup(-aud) ) (15)
L 2 -1 y
u ay T
Further important properties of the functions Bg(lfj - El) are given in

the appendix.

Equation (14) describes the potential field due to a lattice of point
multipoles. The potential energy of a 'guest' multipole at position r is

~

given by applying the operator Mg to equation (14) where:

M= a.v 1V (16)
P P e AL

The result of this operation being:

(17)

Where the functions Ak and B, have already been described. The functions

L

F.. and G,. are as follows:
kig g

= (c_ +

F . id .k - : [k . = 1id..k - Q.: 18
kiq g * 14k gg [_1_(_])(cJ ;gﬂ k - Q.:(kk]) (18)
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G . =cc.
°3lg g 3
G =d .(r. - r)c, =d..{xr, - rlc_ - Q :Ic, - Q.:Ic_ +d .d4d.
lig -3 3 - 3 -3 -3 - g =g =3 =) =g -9
G = {(r. - r) . = r) . . .=
23q gq [(__J r (53 r ]cJ + g] [(5J r) (53 r) ]cq
-d J(r, = )d. (. - ) +2Q :(d.(r. - )]
-3 3 -3 3 - = =3 =3
-2 {d - r) d.. - :I - d J(xr, - r)Q.:
Q (r r)] + (r E)gq L (Eg E'gj I
+ 20 :Q.  + :IQ.:
= 9.] gg :g] =
G =d (. - 0)Q.:{(x., = x)(x, = r)] -d..(xr, - £)Q :{(x, - )(r, - x)]
3g - =3 - - J - =g - -
=49 «((x, - )(Q..(x, - 1))]
- gq:ggj ((c., - x)(x, -x)] - 9j°=2g’[(r - )z, - x)]
G =Q :[{x. - x)(x, ~- E .- -
g gq r )z ‘g)lgj ((r r)(r r)]

In the usual situation we wish to evaluate the potential, not of a guest
multipole, but of one of the multipoles at a lattice site. We can adapt

the formulae (17) to (19) to this circumstance in the following way.

(i) We must extract from the eguation (17) all those terms involving
both the guest multipole (index 'g') and the multipole at the
lattice site of interest (index 'i'). These terms will call for
special treatment later.

{ii) In the other terms we simply set the index 'g' to index 'i' and
replace r by £i° Thus as far as these terms are concerned, the

guest multipole and the 'itht myltipole are one and the same.

If we now examine the terms separated out from (17) according to (i)
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above, it is clear that if we are to regard the guest multipole as being
the 'i®™N' nmultipole, then these terms represent a 'self-interaction'
enerqgy, which physically is zero, but mathematically is indeterminate.
We may choose simply to exclude these terms from our summation (i.e. set
them to zero) but computationally it is more convenient to proceed

otherwise.

If we consider the seccnd group of terms on the right of eqguation (17)
and obtain those terms in which both indices 'i' and 'g' appear we will

have

—— I B,(|r, - £])G,, (20)
4meg 4=0 071 g

It is clear from the definition of the functions Bl(u) in equations (12)
and (15) that this term becomes indeterminate when we equate r and L.

If however we expand these functions as polynomials in the argument u

(see Appendix) we obtain in place of (20):

L4

s [@ure (202) " g
1 %4 i
e LT = GigPefw (21)
0 g=0 {212 u? (22+1)ani/2 9

Where Og(u) represents a sum of terms in u and higher powers of u.

If we now examine the first term of the expansion (21) we are able to
equate this term with the conventional {(or non-Ewald) description of the
potential energy function of two multipoles separated by a distance u.
As u tends to zero {(i.e, as I and r merge) it is this term that becomes
indeterminate. Because of its identity with the conventional potential
expression we may simply remove this term altogether (knowing it to be

physically zero). We also see that the terms Ol(u) necessarily become
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zero as u tends to zero. Thus the only surviving term 1is:

(20(‘2)9'+1 G,..
2ii

1 o

2=0 (22+1)anl’/2

Two further comments are in order. Firstly it can be seen from the 1jen-
tities (19) that within the Glii functions themselves many of the terms
are zero because of their dependence on (£i - r), which is zero in this
circumstance. Secondly, because of the identification of the first term
of the expansion (21) with the conventional potential energy expression,
we can be sure that the term (22) represents a complete correction of
equation (17) to the case where the guest multipole is at a lattice site.
(Note that this also means that we may simply use the index substitution

'g' > 'i' in the Fourier component of (17) without further complication.)

Thus we may write:

3
4 L)
1
L I B, (|lr, -z |)G,.. +C (23)
4TV0ED g4 5% l—j ~1‘ i

Where the constant C may be derived from (22) and is:

-__'__ﬁ’_} 2 2 )1 . 2 202 . ) Z\Z
c = C. + 2a ‘3 (2gi.£_ci + di ) +—§—- (Zgi.Qi + (glg) )}

and/2¢, Z

(24)
It is worth noting at this point that if all the dipoles and gquadrupoles
are set to zero, this expression will reduce to standard Ewald form for a
lattice of point changeslrz. Also if the charges and gquadrupoles are set
to zero, the result is the Kornfeld expression for a lattice of point

dipoles as described by Adams and McDonald3. The proof of these state-

ments is left as an exercise for the intrepid reader.
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The force acting on the 'ith' multipole in a lattice of multipoles is

obtained by applying the operator - j; to equation (23). The result is:

® n
ii - ;OLO kio § i&gkpkjiexp(—igf(gj - 51))
- : ; G,..B (lr, = . (e, = x.) +38 (Jzr, - ¢ 1) v.G
4meg 9=0 3% L3172+ '] —i -5 —i L= —-i' =i 251
(25)

Where the functions Ak' iji' Giji and Bi have been encountered already.

The vector functions V. G,.. however, are as follows:
—i £5i

\
V.G =0
=i 041
V.G =c.d. - c.4d.
-1 135 173 j—i
EQGZji = - 2clgj.(£6 - Ei) - 2cjgi.(_£_j - Ei)
+d, .(r. - r.)d. +d..(r. - r. )4
=i —j o
+ 223.9—1 + gjl;'—l - 221.9] - 21 EJ
ziG3ji = gi.[(gj - ri)(Ej - Ei)lgj 29_..(5_j --Ei)gi'(zj - Ei) &(26)
- gj:[(r - r. Mr. - r.)]da, - 2§i'(£d - Ei)gj'(rj - r,)
+ 4(gl.gj + g].gi).(r - ) +2Q.12 Ar. - ri)
+ ZQj Igi.(r - r.)
j%G“ji = - 2gi:[(r - ), - )]gj.(r - Ei)
- 22 [(r] -r )(Eﬁ - Ei)]gl'(r - rl) )

To determine the torque acting on a point multipole at a lattice site, we
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muist apply an operator Li analogous to that presented in (10) to the
potential field equation given in (14) and proceed in a similar manner to

that which produced the result (23). 1In this case however the result is:

® n
T, = L ZAF .. expl-ike(z, - . ))
V — — -_—
—1 0€Q K#0 3 Ak—kjl 3 1
1 4 >
+ £ I B, (£, -1x.])G,.. (27)
4meg =1 % L= =i' =Lji

Where and B, are the same functions as in the previous formulae. F, ..
L —kJi

and_(}_ﬂji however are now vector functions of the following forms:

Fegp = (7id; Xk + 20, %Kk D) (e - idsek - Qi (kk]) (28)
N

G =-4 X (r, -r.)c, ~d. X 4.
=141 =17 = =773 AT
G ==-20*[(x., - ). =r. )], +d, X (r, - r.)d..(r. = r.)
=2ji e T A B T B S R B |

- 22.1"[§_].(_r.:_j -r)l- ZQi*"[(E_j - Eﬁ)gj]

+24; X Quulzy - x) +d; X (zy - x QI - 4%,
gaji =-d X (zy - rQesllmy - x)zy - )l + 24, (x, - rQ" (29)

r, -x)(c, - 1x.)]
=5 = -

+ 421”([(_1;_j - Ei)(gj.(gj —r )+ [(gj.(g_j - Ei))(Ej -

+ zgi*[(g_j - E_i)(g_j - Ei)]gj:g
G =~ 29 *[(x, - r, . = L. alle, - )k, - )]
€ii 2, "l x; rl)(r] x) ]gj ( 4 x) I, &

J

It may be safely assumed from the complicated nature of these formilae,

that these equations are difficult to program in an efficient manner.
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However, it should be pointed out that the Fourier components of the
formulae presented above are particularly elegant and straightforward and
are little more difficult to program than would be the case in a system
containing point charges only. Aalsc, despite the cumbersome nature of
the terms derived from the original complementary error function (i.e.
the terms involving the Bl functions) they are no more difficult to pro-
gram than would be the case if the direct summation method were employed,

provided that the B, functions are generated via the recursion relation

2
(15). A primitive version of a program using these formulae is available

from the author at Daresbury Laboratory.
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Appendix: The Bl Functions

We begin with the function Bg(u):

erfc( o) (a)

ol e

Bglu) =

o

Where: erfc(owm) = 2 [ exp(- s?)ds (b)

2172 Ty

We may also define the recursion relation:

2y 4
B (u) =1 {(21 - 1)B (u) + L297) exp(~ a%xz)} (2> 0) (c)
u2 /2

L~1
am

If we define u = {Ej -z = {(<xj>1 -xp2+ ((x))2 - x2) 2 + ((x)3 - x3) 21172,
then it is easily shown that:

=2 B,(u) = ((x.)_ =~ x_)B (u) {(r =1,2,3)

axr 2 j'r ' &+

32
3;;3;; Bz(u) = ((xj)r - xr)((xj)s - xS)BZ+2(u)
6r5B2+1(u) (r,s = 1,2,3)
(d)

From which we obtain:

sz(u) = (Eﬁ - E)Bl+1(u)

(TV1B (u) = [(53. - 5-)(53' - n)lB, (w - 1B, ()

(e)

These relationships are used throughout the derivations (14) to (29) of

the previous sections.

To obtain the expansion (21) of the expression (20) we use the following

series expansions:

24
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1 1
— erfc(a) = —
u 4 p1/2

Combining the expansions (f) in the recursion relation (c) and collecting

terms of like powers in u allows the following expansions of Bl(u) to be

produced.
1
Bg(u) = — - 2%, 0(u)
U p1/2
4
Bi(u) == - —=2—+ 0(u)
ad  3wl/2
85
Bow) == - =22 4 o(u)
a5  5wl/2
1 16a’
By =2 -18% L o)
a7 7rl/2
1
By(u) =_Cl5__32a + 0(u)
Q?  9rl/2
etc. Or in general:
2+1
(21 (2a?)
Bl(u) = YT + O(u)

2127u (22+1)ant’/2

where O(u) are collected terms of powers of u (i.e. u with n 2> 1).
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