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MOLECULAR DYNAMICS STUDY OF INFINITELY THIN HARD RODS. COMPUTER
EXPERIMENTS ON DYNAMICAL SCALING.

Daan Frenkel and John F. Maguire

Molecular Dynamics (MD) calculations are widely used to study the
structural and dynamical properties of atomic and molecular fluids.
Often, such calculations provide the only tool to test predictions of
statistical~-mechanical theories of transport phenocmena in dense fluids on
a microscopic scale., Many of the recent developments in liquid state
theory have been inspired by the results of computer simulations (see
e.g. ref.1)., BAmong the systems studied, the hard-sphere system has
played a special role?:3, The reason is twofold: computer simulations on
the hard-sphere system could be used to test existing theories of the
liquid state such as the Percus-Yevick equation (equilibrium properties)
and the Enskog expressions for transport properties. Such tests, and the
discrepancies they revealed (e.g. Alders test of the Enskog theory of
molecular diffusion) form the starting point for many of the modern
theories of dense fluids. A second reason why the hard-sphere system has
played a special role is that, once its properties were known, it could
be used as a reference system for fluids with continuous intermolecular
potentials. This approach has resulted in very successful perturbation

theories for dense fluids“'s.

In view of the important role that the hard sphere system has play-
ed, it is somewhat surprising that virtually no work has been done on the
dynamics of non-spherical molecules with impulsive interactions. In
fact, the work of Rebertus and Sando on the dynamics of hard sphero-
cylinders is, to our knowledge, the only published MD study of "hard”,
non—-spherical molecules® {see, however, ref.7). Admittedly, the rough-
sphere fluid has been studied in detail by MDa, but rough-spheres are not
really typical for non-spherical molecules. There are however other
"hard" systems which, in their simplicity, are comparable to the
hard-sphere fluid. One such system, a fluid consisting of infinitely
thin, hard rods of length L ("™hard-lines”") is the subject of the present
letter. In this letter, we present the results of MD simulations on a
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system of hard-lines, over a rangs of densgsities. We compare the results
of these simulations with theorstical predictions for the density depend-
ence of transport properties. Although we will briefly indicats the
nature of these theoretical predictions, we must refer the reader to a
subsequent pu.!.:li.c:mt:i.cm9 for a more detailed discussion. Similarly, oaly
cerctain fesatures of the computational method that we used will be men=
tioned here; ref.? will contain a detailed discussion.

The hard=line fluid is remarkable in that all of its structural

properties are those of an ideal gas, whereas all of its transport prop-

erties are non-ideal, and strongly dependent on density. The absencs of

‘structural correlations is a direct consequence of the fact that the

hard-line system has zero excluded-volume; at any density, any molecular
peosition and orientaticon (but for a set of measure zero) is equally like-
ly. Obviously, as the configurational part of the partition function
equals W/N!, the pressure of a hard-line fluid must follow the ideal gas
law and no thermocdynamic phase transitions are possible in thig system.
In contrast, the dynamics of hard-lines is very sensitive to the presence
of other lines. Theoretical predictions can be made about the dynamics
of hard=lines (in particular about translational and rotatiocnal diffu-
sion), using two very different approaches. The first is the well-known
Enskog method for computing transport properties (we use the word
"Enskog~theory" in the sense explained in refs.10 and 8). Due to the
absance of structural correlations in the hardeline system, the follow=-
ing, very simple expressions result for the diffusion constant D, and the
anqular mcmentun correlation time thz,

D= 2,303 ... / p" (1)

T, 1.705 ... / 0" (2)
In the above expressions, reduced units have been used: p* = pL3, where 0
is the number density and L the length of the line., We define L to be
the unit of length, m (the mass of the line) to be the unit of mass, and
kT to be the unit of energy. I, the mcment of intertia of the rods, is
chogen to be equal to 1/12, which corresponds to a uniform mass distribu-
tion. Other choices for I are possible; they rasult in other numerical
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constants in egns.1-2 (and 3), below). The collision frequency in a
hard-line fluid can be calculated exactly:

[ = 1.23766 .. p* (3)

Bg.3 is valid in the thermodynamic limit; the explicit N~dependence of T
can be worked out?., It is important to note that eq.3 is exact; it pro-
vides our most important, non-trivial check on the MD results to be

presented below.

At high densities eq.3 is still valid, but the Enskog expressions
(eqns. 1-2) may fail. However, it is precisely at high densities
(p* >> 1) that theoretical predictions can be made about rotational and
translational diffusion, using scaling arguments similar to those pre-
sented by Doi and Bdwards!! (henceforth referred to as DE). These
authors have developed a theory of Brownian dynamics of rod—-like macro-
molecules in concentrated solutions. One of the central predictions of
the DE theory is that for thin, flexible rods the following relation
should hold between the rotational diffusion constant Dr and the longi-
tudinal translational diffusion constant DI (i.e. along the rod axis):

D ~D,/e*? ' (4)
The basic idea behind this expression is that the reorientation of the
rods is constrained by the presence of other rods. Only when one of the
constraining rods diffuses away (typically, in a time 1/!)l ), can the
constrained molecule perform an angular jump of order & = p*=l, several
attempts have been made to test the DE theory experimentallylztla, using
light-scattering to study the rotational dynamics of long, rod-like
viruses. There are however some discrepancies between theory and experi-
ment, and it is not obvious at present whether these discrepancies are
due to deficiencies of the DE theory or to the fact that real viruses are
actually not completely rigid, nor infinitely thin. MD simulations on a
hard=-line system should provide a more direct test of the DE theory. It
should be noted, however, that the DE theory was derived for rods per-
forming Brownian motion in a viscous £fluid. For smooth, hard-'lines, eg.4

has to be modified slightly®, and reads:
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o, ~ 1/0%2 : (4a)

(The original eg.4 should hold for rough hard lines). The high-density
behaviour of DI can be predicted by extending the scaling arguments used
by Doi and Zdwards. One arrives at a remarkable prediction, namely that

D, should diverge at high densities:

Lim D, ~ p*l/2 (5)

p'+.

The reason for this unexpected behaviour is that, during a collision,
only forces perpendicular to the molecular axis act on a smooth hard-
line. As a simple approximation for the rates of change of the correla-
tion function of the longitudinal velocity, cl(t) H <v‘(0_)v|(t)>, we may
write:

Cylt) = = v<sin28(¢e)> C,(e) (6)

where the “"friction constant” Y is proportional to the collision fre-
quency, c:l () ~ exp(~ ‘r<w2> t3/3), where <w® is the mean square
rotation frequency of the rods. In the rotational diffusion regime

;| () decays as exp(- ZYDrtZ), and for t >> or'l,
it should decay as exp(~ 2/3 Yt). At high densities the correlation
function should become predominantly Gaussian, and hence

D = (3/2'79:)“2 ~p*l/2 (eg.5). Tnlike D, . D should decrease with

4
increasing p*, but scmewhat faster than predicted by eqg.1:

(M=1 <¢ & << Dr‘l), c

lim (D.L/D 2/3 (7)
* -

0" - mskoq)-

No amclous behaviour is predicted for tJ; this, in itself, has interest-

ing consequences because combination of eqns.2 and 4 yields:
lim 7 or'l ~p" (8)

p + =

which implies that the Bubbard relation (T,/D_ = comstant) 14 fails at
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high o".

The algoritim to solve the equations of motion for the hard-line
fluid is rather different from most conventional MD procedures. To find
the time tc at which two moving, rotating lines (i and j) are due to
collide, the program searches for the roots of the following equation: '

+> *>
Bt) = (t) .ui(t) A uj(t) = ( (9)

Y
rij

Here ;ij is the distance between the centres of mass of rods i and jJ,
Ei(aj) is the orientation vector along the molecular axis. A ncessary
(but not sufficient) condition for a collision is: F(tc) = 0, which

-> - -
implies that rij' u, and uj are all in one plane. next, one has to test

whether the coplanai: lines do actually intersect. If not, the program
searches for the next zero of F(t) and repeats the test. We took great
care to ensure that no roots of F(t), and hence no collisions, were over-
looked. In practice, the routine that searches for the next collision is
written in such a way that the number of computations of F(t) (which are
rather time-consuming) is kept to a minimum. More details about the pro=-
gram are given in ref.9. The collision dynamics is completely determin-
ed by the condition that energy, anqular momentum and liner momentum are
conserved, plus the assumption that the impulsive force between two col-
liding lines (Eij) is perpendicular to both lines (the condition of
"smoothness”). This latter condition guarantees that smooth hard~-lines
obey the ideal gas-law; the virial vanishes identically, because

->= >
£ r,., = 0.

i377413
Several tests were performed to check whether the program was func-

tioning properly. It was found that energy and momentum were conserved
to better than 1 in 1010, the average rotaticnal and translational temp-
eratures were equal (within the noise), the dynamics was reversible for
at least 1000 collisions and, most importantly, the density dependence of
the collision frequency was found to obey eg.3. Computing time was long,
but not excessive: on a CYBER 170-750 computer, 20,000 collisions in a
500 particle system (with periodic boundary conditions), at a density of

*

p~ = 18, took about 2800 CPU seconds. In a conventional MD simulation, a
production run is preceded by an equilibration run. In hard-line simula=~
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tions, the equilibration step can be eliminated, provided that the
initial molecular positions and orientations are carefully randomized,
while the initial velocities and angqular momenta are distributsd
according to the Maxwell-3cltzmann law.

Runs were done on a 100-particle system at densities p* = 1, 2, 4, 6
and 8, and on a 500-particle system for " = 16, 24, 32 and 48. Compared
to typical runs on a hard-sphere system, the runs were quits short
(20,000 collisions). Consequently, we could only study single particle
properties; the estimated noise in the computed correlation functions is
1=2%. (ACY's) of the molecular centre of mass velocity <;( r).;(t-#r»
(decomposed into components parallel and perpendicular to the molecular
orientation at time T) were computed, as well as the AC!".s of the
molecular angular momentum (C, t) £ <3(0).J(£)>). In addition, ve
computed the orientational correlation functioms <®;(J(0).u(t))> = ci(t)
and Gz(;(O).:(t)b 2 Ca2(t), were ;(t) is the molecular crientation at
time t and P} (P;) the 1st (2nd) Legendre polynomial. All correlations

ware studied out to 25 collision times.

At low densities (p” < 8), the velocity and angular momentum ACF'S
decay exponentially with a slope that agrees well with the Enskog predic-
tions. At these densitiaes, the crientatiox;.al correlation functions Ci(t)
and C2(t) closely follow the behaviour predicted by the J=diffusion model
(with a "collision frequency” equal to 1/ersk°9)1“'15'9. At high den-~
sities, all correlation functions show marked deviations from the Enskog
(ceq. J=diffusion) predictions. With increasing density, the decay of
CJ(t) and <, (O)V.L (t)> becomes faster than exponential, and for o* > 30
both ACF's develop a negative minimum aftsr about 5 collision times.
Ci(t) and Cz(t) decay exponentially at high p*; from the slopes of these
exponential correlation functions we determined the ;ffective rotational

diffusion constant Dr’ using the relation:

4 :
= in Cz(t) = - £(£+1)Dr (2= 1,2). (10)

Fig.1 shows a plot of Dr'1 vs. p'z. Clearly, at densities p* > 8, the
(modified) Doi-Edwards prediction (eg.4a) is in good agreement with the
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observed density dependencs of Dr‘ Fig.2 shows the time dependence of
log <v, (0)v, (£)> (= log(C; (t)). Several points should be noted.
First of all, the initial slope of 1.:.'.»9((:I + B)) (out to ~ 2 collision
times) is very flat; in fact, it follows the predicted ta-dependence.
One should also note the dramatic positive departures from the Enskog
predictions; for p* > 24, v persist much longer than 25 c¢collision times.
The criteria formulated below eqg.6 predict predominantly Gaussian behav-
lour of C; (&) for rmlce e o< Drl. For densities p" = 32 and 48,

I'Jr'l > 25 collision times, At these densities one might therefore hope
to observe Gaussian decay of t’.‘.l (t) in fig.2. Insgpection of £fig.2
suggests that the decay of Cl (t) is, in fact, simply exponential. But
when log(C, (t)) is plotted vs. t2, it is found that the high density
data fit equally well to a Gaussian. On basis of the present results we
are unable to eliminate either possibility. The diffusion coefficients
D.L and DlI were obtained from the integrals of the transverse and longi-
tudinal velocity ACF's. In order to perform the integrals of CI (t), for

p > 24, we had to extrapolate C, (t) for times longer than 25 collision

times. Both Gaussian and expon:ntial extrapolations were used. It is
seen in fig.3 that, irrespective of the nature of the extrapolation, DI
increases with increasing p* for p* > 24. The corresponding Enskog pre-
dictions are shown for the sake of comparison. The results shown in

f£fig.3 strongly suggest that D, diverges as p* + =, on basis of the

present data we are, however, Iuna.ble to confirm or reject the p* 172l
dependence predicted by eq.5. Table I contains a summary of the trans-
port properties obtained from the MD simulations. Tabulated are: the
collision frequency (), the diffusion constants D, and D, » the decay

time of CJ(t) (TJ) and the orientational correlation times T} and Tj.
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Table I: Density dependencs of computed collision frequency (I),
longitudinal and transverse diffusion constants (IDl and D L
and the decay times of the correlation functions of angular

momentum (TJ), Ci1{e) (T1) and Ca(t) (T3).

),

p" r D, D, T, T 1 )
1 1.24 2.59 2.30 1.69 0.12 0.49
2 2.44 1.37 1.05 0.93 0. 14 0.30
4 4.89 0.82 0.51 0.44 0.21 0.22
6 7.24 0.60 0.36 0.31 0.25 0.17
8 2.99 0.53 0.25 0.20 0.30 0.18
16 19.8 0.50 0. 11 0.088 0.51 0.23
24 30.2 0.49 0.073 0.058 0.73 0.36
32 40.0 0.50 0.049 0.039 0.93 0.36
48 61.5 0.76 0.021 0.021 1.54 0.56
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Figqure Captions

Fig.1 Inverse rotational diffusion constant (Dr‘l) vs. the square of the
reduced demsity (p*2). D_ was cbtained using eq.7 om Ci(t) (0)
and on Cz(t) (*). The dashed line is a best f£it to the high
density points.

(*):p* = 1, (@):p" =8, (M:p" = 16, (v):p* = 24, (0):p" = 32,
(A):p0* = 48.

(t) vs. t. t is expressed in mean collision times.

Fig.3 Dl (@), D.L (W) and Tr D = (2D1+D
For p' = 32 and 48, 2 values for D

1 )/3 (*) vs. reduced density.

|
based on a Gaussian extrapolation, the higher one on an

are shown; the lower value is

exponential extrapolation (see text). The solid curve is the
Enskog prediction (eq.1).
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